Abstract. A finite aspherical complex X is constructed whose group of homotopy classes of basepoint-preserving self-homotopy-equivalences is infinitely generated. 0. Introduction. Let EX denote the .//-space of basepoint-preserving homotopy equivalences from X to X. The set w0(EX) becomes a group with multiplication induced by composition of representatives; it is denoted S (X) and called, by abuse of language, the group of homotopy equivalences of X.
It was proved independently by D. Sullivan [Su] and C. Wilkerson [W] that 5(X) is finitely presented when A" is a simply-connected finite complex. In contrast, Frank and Kahn [F-K] showed that &(SX \/ Sp \/ S2?'*) is infinitely generated for p > 2. They also suggested the following alternative method for producing examples. Start with Lewin's [L] example of a finitely-presented group G with Aut(G) infinitely generated. It is well known (see e.g. [S, p. 427] ) that if A" is a K(w, l)-complex then &(X) s= Aut(îr), and therefore any K(G, l)-complex would have an infinitely-generated group of homotopy equivalences. In this note, I will construct a finite K(G, l)-complex X, note some of its salient features, and raise some questions. We will construct a K(GY, l)-complex Y and a K(GM, l)-complex M.
Let exp: C-*C be the exponential map. Let T = Sx X Sx cC2 and letpa,pb: I -> T be the loops pa(t) = (exp(2mt),l) and pb(t) = (1, exp (2irit) The fundamental group of Y is a Higman-Neumann-Neumann (HNN) group with presentation PY. To see directly that Y is aspherical, consider its infinite cyclic covering space Y corresponding to the commutator subgroup (= the normal closure of a and b) of GY. It consists of countably many 3-dimensional aspherical pieces attached along aspherical subsets, and we use Theorem 5 of [Wh] and direct limits to see that Y is aspherical. Therefore Y is a 3-dimensional finite K(GY, 1)-complex.
Let h: T-* T be the homeomorphism given by
Then h#(a) = a and h#(b) = ba. Form the closed aspherical 37manifold
It is a bundle over the circle with torus fiber. Let y E irx (M, [(1, 1) , 0]) be (py)> where
The complex A can be writen as a mapping torus in two ways.
A is 4-dimensional and is aspherical by the same reasoning as we used for Y. [L] that Aut(G) is infinitely generated. Therefore S (A) ss Aut(G) is infinitely generated.
(2) By 9.16(b) of [B] , G is a duality group of dimension 4 over Z, therefore A is a duality complex. But G is not a Poincaré duality group, since HA(G; ZG) as HfiJÚU¡(X; Z) is an infinitely-generated group, so A is not a Poincaré complex.
(3) By making a few small changes we can produce infinitely many similar examples. There are groups Gm for all integers m > 1, with G, = G, such that (a) Aut(Gm) is infinitely generated.
(b) Gm = G" if and only if m = n • 2k for some k E Z. Presentations for the Gm and a proof of (b) are given in an addendum to this note. The proof of (a) is a slight modification of the argument of Lewin [L] . (2) Are there examples for which infinitely many generators of S(Z) can be represented by homeomorphisms? (There are closed 3-manifolds M for which irx(EM) is infinitely generated and infinitely many generators can be represented by isotopies [M] .) (3) Can a closed K(ir, l)-manifold N have & (N) infinitely generated? (4) The groups Gm are duality groups over Z but not Poincaré duality groups. Can a Poincaré duality group have an infinitely-generated automorphism group? An affirmative answer to (3) would provide an example of such a group [B, p. 170] . It is conceivable that (3) and (4) 
